Two hundred years ago, André-Marie Ampère discovered that electric loops in which currents of electrons are generated by a penetrating magnetic field can interact with each other. Here we show that Ampères observation can be transferred to the quantum realm of interactions between triangular plaquettes of spins on a lattice, where the electrical currents at the atomic scale are associated with a peculiar type of the orbital motion of electrons in response to the non-coplanarity of neighbouring spins playing the role of a magnetic field. The resulting topological orbital moment underlies the relation of the orbital dynamics with the topology of the spin structure. We demonstrate that the interactions of the topological orbital moments with each other and with the spins of the underlying lattice give rise to a new class of magnetic interactions − topological chiral interactions − which can dominate over the celebrated Dzyaloshinskii-Moriya interaction, thus opening a path for the realization of new classes of chiral magnetic materials with three-dimensional magnetization textures such as magnetic hopfions. Exotic magnetic textures with particle-like properties 1-6 offer a great potential for innovative spintronic applications 7 and brain-inspired computing 8, 9 . They can be stabilized by the intricate interplay between magnetic interactions of diverse origin. Magnetic skyrmions, two-dimensional localized solitons, are a prominent realization of chiral spin structures, first observed in the material class of non-centrosymmetric B20 bulk compounds 1 . One of the key ingredients for the formation of skyrmions is the Dzyaloshinskii-Moriya interaction 10,11 (DMI), a vector-chiral pair-interaction between a pair of spins in inversion-asymmetric solids favouring winding magnetic structures of selected handedness.
Two hundred years ago, André-Marie Ampère discovered that electric loops in which currents of electrons are generated by a penetrating magnetic field can interact with each other. Here we show that Ampères observation can be transferred to the quantum realm of interactions between triangular plaquettes of spins on a lattice, where the electrical currents at the atomic scale are associated with a peculiar type of the orbital motion of electrons in response to the non-coplanarity of neighbouring spins playing the role of a magnetic field. The resulting topological orbital moment underlies the relation of the orbital dynamics with the topology of the spin structure. We demonstrate that the interactions of the topological orbital moments with each other and with the spins of the underlying lattice give rise to a new class of magnetic interactions − topological chiral interactions − which can dominate over the celebrated Dzyaloshinskii-Moriya interaction, thus opening a path for the realization of new classes of chiral magnetic materials with three-dimensional magnetization textures such as magnetic hopfions. Exotic magnetic textures with particle-like properties [1] [2] [3] [4] [5] [6] offer a great potential for innovative spintronic applications 7 and brain-inspired computing 8, 9 . They can be stabilized by the intricate interplay between magnetic interactions of diverse origin. Magnetic skyrmions, two-dimensional localized solitons, are a prominent realization of chiral spin structures, first observed in the material class of non-centrosymmetric B20 bulk compounds 1 . One of the key ingredients for the formation of skyrmions is the Dzyaloshinskii-Moriya interaction 10, 11 (DMI), a vector-chiral pair-interaction between a pair of spins in inversion-asymmetric solids favouring winding magnetic structures of selected handedness.
Here, based on microscopic arguments and systematic total energy expansion, further validated by first-principles density functional theory calculations, we discover a conceptually new class of chiral interactions between spins on triangular plaquettes that originate from the so-called topological orbital moment (TOM) of electrons, emerging as a result of finite scalar spin chirality χ ijk = S i · (S j × S k ) [12] [13] [14] [15] [16] [17] [18] , as depicted in Fig. 1 . We refer to these interactions as topological chiral interactions. This coupling favours the emergence of non-coplanar magnetic structures with scalar spin chirality of specific sign even without an external magnetic field either in the ground state or as a result of thermal fluctuations. The first type of topological chiral interactions is the rotationally invariant chiral-chiral interaction, which in its general form corresponds to the interaction between pairs of topological orbital currents in a magnet, just in analogy to Ampère's currents interacting with each other, see Fig. 1 . The dominant part of this interaction can be interpreted as the Zeeman interaction of the TOM with the emergent magnetic field due to the chirality. The second type of topological chiral interactions is the rotationally anisotropic spin-chiral interaction, which arises as a result of a direct coupling between the TOM and local spins, mediated by the spin-orbit interaction (SOI), as illustrated in Fig. 1 .
When the emerging magnetic textures are larger than the underlying lattice, they can be described by continuous magnetization fields. In the latter case, we show that magnets described by the conventional Heisenberg and the chiral-chiral interactions turn to a physical realization of the Faddeev model 19 , a deeply studied classical field theory that models heavy elementary particles by hopfions − three-dimensional localized knotted topological solitons classified by the integervalued Hopf charge. This signifies the key role of the topological chiral interactions in triggering the formation of threedimensional magnetic solitons without the assistance of an external magnetic field.
Results. To provide a specific material example where the topological chiral interactions could be of importance, we focus our analysis on the intensively scrutinized material MnGe in the B20 crystal structure. In difference to FeGe that forms well-understood two-dimensional skyrmions with a radius of 70 nm, for MnGe puzzling three-dimensional skyrmion lattices with lattice constants of a few nanometer were observed experimentally 20, 21 , but could not be reproduced by any theoretical calculation so far 22, 23 . Employing first-principles density functional theory calculations (see Methods and Supplementary Note 1) for the B20 compounds FeGe and MnGe, we show below that while the chiral-chiral and spin-chiral interactions are suppressed in FeGe, where chiral physics is dominated by DMI, the topological chiral interactions are very prominent in MnGe. We argue that they could be a key for resolving the pending puzzle of spin structure in this material.
The structure of the B20 compounds consists of four sublattices that are structurally identical, but their three-fold rotation axes point along different cube diagonals. To study different types of higher-order magnetic interactions in these systems, we consider a set of configurations, which correspond to one of the possible irreducible representations of the symmetry group of the paramagnetic phase (see Supplementary Note 2), and can be parameterized by
where the unit vector S i refers to the spin moment of atom type i ∈ {1, . . . , 4}, θ and φ are the polar and azimuthal angles, respectively, and n i is a unit vector along the cube In a magnet exhibiting non-coplanar spin arrangement, the local scalar spin chirality between the triplets of spins, χ ijk = Si · (Sj × S k ), can be interpreted as an effective magnetic field B eff which gives rise to a so-called topological orbital moment (TOM, denoted by green and blue large arrows) generated by the orbital current of electrons hopping around the triangle, denoted as I1. The orbital currents I1 and I2, generated by different plaquettes of spins, can interact with each other, giving rise to the first type of topological chiral interactions − the rotationally invariant chiral-chiral interaction (CCI). The second type of topological chiral interactions − the spin-chiral interaction (SCI) − corresponds to the energy of interaction between TOM and the local spins, mediated by the spin-orbit interaction.
diagonal. This choice of magnetic structures greatly simplifies the analysis as the energy contribution of the classical Heisenberg interaction among spins following Eq. (1) is independent of θ and φ. Consequently, any non-trivial angular dependence of the total energy will indicate the presence of higher-order magnetic interactions. In fact, our first-principles calculations of the total energy in absence of spin-orbit coupling, see Fig. 2 , show drastic energy variations on the order of several tens of meV in both FeGe and MnGe, which discloses the absolute significance of beyond-Heisenberg terms in these materials.
To uncover the distinct nature of these interactions, we consider first the effect of 4th-order exchange interactions of the form (S i · S j )(S k · S l ). Such a term combines the common biquadratic interaction with the 4-spin-3-site and 4-spin-4-site interactions 24 . For the assumed spin texture, all these interactions amount to the same non-trivial energy contribution E 4th = K(sin 2 2θ + sin 4 θ sin 2 2φ). Here, the constant K is an effective interaction parameter, which, after fitting the ab initio data in FeGe and MnGe, is evaluated to 11.8 meV and 53.2 meV, respectively. Our first-principles results for the angular dependence of the total energy in Fig. 2 reveal that 4th-order exchange interactions indeed describe the energy variation with θ well in FeGe, while the model fit deviates strongly from the calculated curve in MnGe if the spins are not coplanar, φ = 0
• , but non-coplanar (e.g., for φ = 45
Chiral-chiral interaction. We demonstrate below that this large qualitative discrepancy between 4th-order exchange and the computed total-energy variation in MnGe can be ascribed to a Berry phase effect rooting in the scalar spin chirality χ ijk . But first, let us recall that when an external magnetic field B is applied to a collinear system, it couples to the orbital motion of an electron hopping on a triangle formed by magnetic atoms at positions R i , R j , and R k , and results in an Aharonov-Bohm phase mediated by the vector potential along the electron's path. Owing to this effect, in a collinear system, the magnetic field can favour a non-zero chirality density via orbital Zeeman energy that is proportional to χ ijk B τ , where B τ is the projection of B onto the triangle normal
. This is the origin of the three-site ring exchange [25] [26] [27] . In the absence of SOI, hopping in a non-coplanar texture with finite χ ijk = S i · (S j × S k ) is equivalent to the electron dynamics in a coplanar spin background but in the presence of a fictitious magnetic field B eff ∝ χ ijk directed along τ ijk 28 , which gives rise to a Berry phase. It thus becomes clear that in the limit of small χ ijk , i.e., for small deviations from the coplanar configurations, there is an intrinsic contribution to the ring-exchange energy proportional to χ 2 ijk , which is second order in the chirality. Symmetry allows for such type of interaction since time reversal inverts all spins and changes the sign of the chirality, but it keeps the energy of the spin system invariant. We refer to this novel six-order three-site ring exchange, emerging without external magnetic field and manifesting notably in MnGe, as the chiral-chiral interaction (CCI). The latter interaction is derived in Supplementary Note 3 utilizing a systematic energy expansion based on multiple scattering theory. Specifically, the CCI should be prominent already without spin-orbit coupling, and the overall energy variation of the magnetic structure due to the CCI can be written as:
where the coefficient κ CC ijk describes the ring exchange within the triangle formed by i, j, and k, and the sum over (jk) is restricted to triangles including the ith magnetic atom, of which B20 has four, i ∈ {1, . . . 4}, in the unit cell. An expression based on the Green functions connecting the magnetic sites involved in the ring exchange is provided in Supplementary Note 3. For the spin structure given by Eq. (1), any triangle composed of vertices of different type (out of the four types of magnetic atoms) has the same chirality χ ijk = − sin θ sin 2θ sin 2φ. Taking into account the crystal symmetries of the B20 compounds, we find that
CC [sin θ sin 2θ sin 2φ] 2 , with a single material-specific coupling strength κ CC . Fitting this angular dependence to our ab initio results significantly improves the description of the total-energy variation, capturing now all essential features also for MnGe, Fig. 2b . The coupling constant κ CC of the CCI amounts to 1.2 meV and 59.9 meV in FeGe and MnGe, respectively, which underlines the absolute relevance of the proposed interaction in the latter system. Modelling additionally changes of the spin-moment length with θ enhances the agreement with our calculations even further (see Supplementary Note 4 and Supplementary Figure S1) .
The CCI contribution to the exchange energy can be understood based on simple physical arguments. Recently, for several situations ranging from non-collinear 3Q-states to largescale skyrmions [12] [13] [14] [15] [16] [17] [18] , it has been demonstrated that a special type of orbital moment, known as the topological orbital moment (TOM), arises in response to the emergent field B eff in non-coplanar magnets. In the limit of vanishing B eff , i.e., in a situation of small chirality, the TOM is directly proportional to B eff with the proportionality factor given by the orbital susceptibility of the system 18 . Taking this into account, one can naturally interpret the three-site ring exchange and the CCI as the Zeeman coupling of the TOM to the external magnetic field and emergent field, respectively. The energy contribution (2) constitutes the largest, local term of a more general expression for E CC , realizing a dipole-like coupling between bound orbital currents of different triplets of spins, see Supplementary Notes 3 and 5.
Phenomenologically, the TOM that is linked to each spin triangle with the normal τ ijk and the spin chirality χ ijk , see 
Based on the angular dependence of χ ijk , for the choice of magnetic structures (1), Eq. (3) leads to L
TO sin θ sin 2θ sin 2φ n i such that the TOM at the ith atom is collinear to the cube diagonal n i , and the magnitude is proportional to both the spin chirality and the single effective topological orbital susceptibility constant κ TO . This analytic expression is in perfect agreement with the ab initio calculations of the local orbital moment in absence of SOI as shown in Fig. 3c , revealing that the topological orbital susceptibility is of opposite sign in the two compounds, namely, κ TO FeGe = −0.02 µ B and κ TO MnGe = 0.13 µ B . Our results clearly demonstrate that the TOM in MnGe, and specifically its variation with θ, exceeds the effect in FeGe by roughly an order of magnitude, which underpins the importance of the predicted CCI in the former material. Adopting the quantummechanical viewpoint of Ref. 24 , the form of the CCI can be interpreted as a 6-spin-3-site interaction, which requires at least a spin-1 system. This is consistent with our finding that the energy contribution due to CCI is significant in MnGe, where the Mn spin moment amounts to 1.96 µ B , but is negligible in FeGe with a spin moment of 0.78 µ B .
Spin-chiral interaction. While our predictions of isotropic 4th-order and chiral-chiral contributions to the exchange energy are independent of the spin-orbit coupling, we elucidate now the role of relativistic SOI for the angular dependence of the total energy. Thus, we have to start with the antisymmetric Dzyaloshinskii-Moriya exchange S i × S j that leads to the form E DM = D(sin 2 θ sin 2φ + sin 2θ (cos φ + sin φ)) for the DMI energy of the considered spin configuration (1) in B20 compounds. Here, D is the effective DMI constant of the antiferromagnetic texture, which can be determined by fitting this expression to the first-principles total-energy data in the presence of SOI, see Fig. 4 . Whereas the spin-orbit correction to the energy variation in FeGe is primarily due to the antisymmetric exchange (see Fig. 4a ), the substantial angular dependence in MnGe cannot be described solely by the DMI energy as shown in Fig. 4b . In analogy to the proposed chiralchiral term, we demonstrate in the following that this effect is mediated by the TOM as well.
Owing to the relativistic SOI, a valence electron, which exhibits the orbital moment L TO i associated with its orbital mo- of the ith atom type onto c, the local symmetry axis ni, and d, the local spin direction Si. Open symbols refer to first-principles results and solid lines are the model fit. In addition, we mark by small full symbols in d, the ab initio SOI contribution to the orbital moment.
tion around the ith ion in a non-coplanar texture, feels the nuclear electric field as a magnetic field coupling to its spin. The corresponding energy of this interaction, which we call spinchiral interaction (SCI), can be shown to assume the following form (see Supplementary Note 3 for rigorous derivation):
where κ SC i is the spin-chiral coupling strength of magnetic atom i. Figure 3d reveals that the computed projection L TO i ·S i , which enters the above expression, is generally much larger in MnGe than in FeGe, with a very pronounced dependence on the chiral spin texture. In sharp contrast, the corrections to the total orbital moment due to SOI exhibit only minor modulations with the angle θ as illustrated in Fig. 3d . Using Eq. (4) and a single constant κ SC , we obtain the form E SC = 2κ SC κ TO sin 2 2θ sin 2φ [1 + tan θ (cos φ + sin φ)] for the energy contribution of the proposed SCI that substantially improves the modelling of the total-energy variations based on the first-principles results, see Fig. 4b . Thus, we conclude from our analysis that the novel SCI is by far the dominant spin-orbit effect in MnGe -contrary to FeGe, where physical properties are hardly affected by the TOM but driven rather by the prominent DMI. By directly fitting Eq. (4) to our ab initio data, we find that the constant κ SC κ TO is −0.2 meV in FeGe, and 3.2 meV in MnGe. Equations (2)- (4) cubic B20 crystals for which a one-parameter theory works excellently. In general, however, the effective interaction constants κ CC , κ TO , and κ SC are tensor quantities, and we provide generalized expressions for the proposed interactions as well as the extended spin Hamiltonian in Supplementary Notes 3, 5, and 6.
Conceptually, the SCI energy as given by Eq. (4) is similar to the magneto-crystalline anisotropy energy (MAE), which prefers a maximal projection of the spin-orbit induced orbital moment onto the local spin quantization axis 29, 30 . While the chiral-chiral coupling roots solely in the spin configuration, the spin-chiral coupling is very sensitive to the lattice structure, just like MAE and antisymmetric DMI exchange, see also Supplementary Note 3. In contrast to the MAE, however, the SCI is susceptible to the local chirality, which gives rise to its outstanding feature: the SCI energy favours states with a certain chirality as exemplified in Fig. 4b for MnGe, where the state of positive chirality at θ ≈ 110
• would form in absence of all other interactions. Thus, the SCI is a novel type of magnetic interaction that can replace the DMI in stabilizing chiral ground states.
Emergence of three-dimensional textures. For magnetization textures with characteristic length scales much larger than the underlying crystal lattice, a continuum representation, S i → m(r), of the spin-lattice Hamiltonians (2) and (4) is able to reflect the essence of the magnetic interactions. Taking this micromagnetic approach, the relevant order parameter of the system is a magnetization density m(r) = (m x , m y , m z ), |m(r)| = 1, a unit-vector field, defined at any point r ∈ R 3 . As shown in Supplementary Note 6 the scalar spin-chirality χ ijk emerges in the continuum theory as a spinchirality density, which is a dot product of a direction vector of a surface normal and the solenoidal gyro-vector field F(r), whose components F α = βγ ε αβγ f βγ , are determined by the unit magnetization field, m, and its spatial derivatives:
with α, β, γ, ∈ {x, y, z},
where ε αβγ is the antisymmetric 3D Levi-Civita tensor. The gyro-vector field is linearly related to the TOM density. The micromagnetic expression for the energy of the chiral-chiral interaction takes then the following form:
where the micromagneticκ CC is proportional to microscopic κ CC and it is assumed for simplicity to be a single constant. Together with the Heisenberg exchange, (6) describes the energy of the magnetization texture as a variant of the highly acclaimed Faddeev model 19 , the exciting feature of which is that it contains hopfions, stable localized three-dimensional knotted topological solitons as solutions. The role of the SCI interaction will be to orient the hopfion relative to the underlying lattice.
Discussion. Opening several exciting vistas in the field of chiral magnetism, our findings raise a number of important fundamental questions. Above all, they call for reviewing the relevance of the chiral-chiral and spin-chiral coupling we uncover for the ground state of already existing materials which exhibit diverse magnetic orders. This concerns also the systems in which emerging homochiral magnetic structures were thought to be a result of the DMI. The topological chiral interactions offer fundamentally different opportunities imprinting chiral magnetism as they manifest in the scalar chirality of spin arrangements on triangular plaquettes versus the vector chirality between pairs of spins in case of DMI. In the limit of large-scale magnetization fields, the spinchirality relates to the curvature of the magnetization and the chiral-chiral interaction recovers the Faddeev model. Thus, magnets with topological chiral magnetic interactions offer the first experimental realization of this model with hopfions as emerging 3D magnetic particles. We may speculate that the 3D magnetic order of MnGe is a precursor state. Another important aspect to explore is the influence of the discovered interactions on the dynamical properties of ferromagnetic, chiral, and antiferromagnetic systems. As we show in Supplementary Note 7, the corresponding modifications to the model phenomenological expression for the free energy of antiferromagnets brought by topological chiral interactions offer a way to a direct interpretation of magnetic phase transitions at high pressure and finite temperature, providing a foundation for studying antiferromagnetic dynamics in materials that exhibit the proposed chiral-chiral and spin-chiral interactions.
Methods. We used the FLEUR code to calculate the total energy, spin and orbital magnetic moments of MnGe and FeGe in the B20 phase with and without spin-orbit interaction for a set of non-collinear magnetic structures within the generalized gradient approximation of Perdew-Burke-Ernzerhof. The first Brillouin zone was sampled with a 12×12×12 MonkhorstPack grid. The plane-wave cutoff for the basis functions was 4.2 a.u. 
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